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𝑅2 𝐷 ⊆ 𝑅2,
𝑓: 𝐷 → 𝑅 (𝑥, 𝑦)

∈ 𝑧 = 𝑓(𝑥, 𝑦)

fi

fi

fi



















𝑅2

𝑅2 = 𝑥, 𝑦 : 𝑥 ∈ 𝑅, 𝑦 ∈ 𝑅
𝑅2

𝑅2



𝑣1, 𝑣2 𝑣1(𝑥1, 𝑦1) 𝑣2(𝑥2, 𝑦2)

𝑣1 + 𝑣2 = (𝑥1+𝑥2, 𝑦1 + 𝑦2)
𝜆

𝜆 ∙ 𝑣 = (𝜆𝑥, 𝜆𝑦)
𝑅2

−𝑣 = (−𝑥,−𝑦)
∀𝑣 𝑥, 𝑦 ∈ 𝑅2,

(𝑥, 𝑦) = 𝑥2 + 𝑦2

𝑅2

UNISA Ingegneria edile Funzioni in due variabili



𝑣1 𝑣2 (𝑣1, 𝑣2)

(𝑣1, 𝑣2) = 𝑥1𝑥2 + 𝑦1𝑦2

𝑅2

𝑣1 𝑣2 𝑅2 𝑣1 𝑣2
(𝑣1, 𝑣2)

(𝑣1, 𝑣2) ≤ 𝑣1 ∙ 𝑣2

𝑣1(𝑥1, 𝑦1) 𝑣2(𝑥2, 𝑦2) ∀𝑡 ∈ 𝑅
0 ≤ 𝑥1 + 𝑡𝑥2

2 + 𝑦1 + 𝑡𝑦2
2 = 𝑥1

2 + 𝑦1
2 + 2𝑡 𝑥1𝑥2 + 𝑦1𝑦2 + 𝑡2 𝑥2

2 + 𝑦2
2

𝛼 = 𝑥2
2 + 𝑦2

2 = 𝑣2
2

𝛽 = 𝑥1𝑥2 + 𝑦1𝑦2 = (𝑣1, 𝑣2)
𝛾 = 𝑥1

2 + 𝑦1
2 = 𝑣1

2

𝛼𝑡2 + 2𝛽𝑡 + 𝛾



𝛼𝑡2 + 2𝛽𝑡 + 𝛾

𝛼 = 0 𝑣2 = 0 𝑣2 = 0 (𝑣1, 𝑣2) = 0
0 = 0

𝛼 ≠ 0
∀𝑡 ∈ 𝑅

∆≤ 0

∆

4
= (𝑣1, 𝑣2)

2 − 𝑣1
2 ∙ 𝑣2

2 ≤ 0



𝑃0(𝑥0; 𝑦0 𝑅2.

𝑃0(𝑥0; 𝑦0)
(𝑥; 𝑦)

(𝑥 − 𝑥0)
2 + (𝑦 − 𝑦0)

2 < 𝛿2,
𝛿

(𝑥0; 𝑦0) 𝛿

𝐼𝛿 = 𝑥, 𝑦 ∈ 𝑅2: 𝑥 − 𝑥0
2 + 𝑦 − 𝑦0

2 < 𝛿

𝑅2



𝑅2



𝑅2



𝑅2

𝐴 ⊆ 𝑅2 𝐼𝑀(0)
𝑀 > 0

𝑥, 𝑦 = 𝑥2 + 𝑦2 ≤ 𝑀



𝑅2

𝐴 ⊆ 𝑅2 𝑅2

𝐴1, 𝐴2 ⊆ 𝑅2

ቊ
𝐴1 ≠ 0, 𝐴2 ≠ 0

𝐴1 ∩ 𝐴2 = 0, 𝐴1 ∪ 𝐴2 = 𝐴







𝑧 = 𝑓 (𝑥; 𝑦

𝑃0(𝑥0; 𝑦0),

𝑃0(𝑥0; 𝑦0)

𝑃0



Limiti per funzioni in due variabili

𝑓 𝑥, 𝑦 =
𝑥2

𝑥2 + 𝑦2

𝑅2 𝐴 =
𝑅2 − 0,0 .

lim
(𝑥,𝑦)→(0,0)

𝑥2

𝑥2 + 𝑦2
= 0

0 ≤
𝑥2

𝑥2 + 𝑦2
≤

𝑥2 + 𝑦2

𝑥2 + 𝑦2
= 𝑥2 + 𝑦2

∀𝜀 > 0:
0 ≤ 𝑓 𝑥, 𝑦 < 𝜀

∀(𝑥, 𝑦) ≠ (0,0)| 𝑥2 + 𝑦2 < 𝜀



𝑅2 𝑓(𝑥, 𝑦)
𝑥1, 𝑦1 𝑥2, 𝑦2

𝑓 𝑥1, 𝑦1 ≤ 𝑓(𝑥, 𝑦) ≤ 𝑓 𝑥2, 𝑦2

𝑅2 𝑓(𝑥, 𝑦)
∀𝜀 > 0, ∃𝛿 > 0

𝑓 𝑥1, 𝑦1 − 𝑓 𝑥2, 𝑦2 < 𝜀

∀ 𝑥1, 𝑦1 , 𝑥2, 𝑦2 ∈ 𝑥1, 𝑦1 − 𝑥2, 𝑦2 < 𝛿

𝑥1 − 𝑥2
2 + 𝑦1 − 𝑦2

2 < 𝛿

𝑅2








