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Why we do "Research” in mathematics education?

to compare

to develop to describe

3
to predict \

to evaluate to explain

to design




Which (key)words prompt when | say "Design-based Research"?

mathematical engineering
new strategies

cycle

project
planning
try and refine

reflection
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Which theories, theoretical frameworks etc. you are familiar/working with?

role playing
knowledge models
problem solving




Which research method(s) you are familiar with?

Teaching experiment

1.

2 Experimental research
3 Survey

A Case study

= Action research

4 Others

7 Ethography




Outline

« Why we do research?

« Different but same
— Design Research
— Design-based Research (DBR)
— Educational Design Research
— Development Research

« (Characteristics of DBR
— Phases
— Processes
— Analyses

* An example
e Summary
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Why we do «Research» in math education?

» Research (Interrelated) aims/functions (Plomp, 2010, p.11)
— to describe: e.q. what is the progress of classifying quadrilaterals

— to compare: e.qg. what are the differences and similarities in ...

— to evaluate: e.q. how well does a professional development
program function in promoting inquiry-based teaching ...

— 1o explain or to predict: e.g. what are the causes of poor
performance in derivative ...

— to design and develop: e.q. what are the characteristics of an
effective teaching and learning strateqy ...
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To point of departure
Chosen Framework

Research Focus, — (Primary) Research
Research Question(s) Function

Research Methods
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Let’s have a particular focus on
Design and Development

 Qur focus is on
— designing, testing and development of

» a plece of curriculum segment (Msc and PhD),
 a set of (prototype) tasks (IVisc and PnD),
» Local instruction theories (PhD, | will speak about at the end)

— testing/using a theory/theoretical approach/moadel and refining the
moael
* PhD, such as professianal develonment nroargams

Design-based Research
Methodology
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Note

» Design Research
Design-based Researcn

Developmental Research
Educational Design Research

— In this presentation, Design-based Research (DBR), which is well-
established iIn mathematics education literature (see Bakker & van
Eerde, 20195)
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Key Characteristics of DBR (1)
1. Integration of Design and Research

— Prototyping, testing and development of
» Atool, for example, Geometer's Sketchpad,

GeoGebra

AP OO & ||| 222 ||

Why this toolbar seems like this?

Resource: Bakker and van Eerde (2015) & 2
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Key Characteristics of DBR (2)

2. The Role of Hypotheses and the Engineering Nature of
DBR

— Hypothesize-based,

— such as, under a literature synthesis and theoretical framework,
our design will likely promote student learning

The need for DBR: Why we design prototype
tasks/tools/technologies in mathematics
education?

Resource: Bakker and van Eerde (2015)
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The need for DBR

The need for DBR: Why we design prototype tasks/tools/technologies
INn mathematics education?

Innonative and Engineering

Overviewing existing tasks/tools/technologies
What misses and why?

Which hypotheses | can establish?
Why it should work?
Risks?

A careful literature review and framework guide these
B N'TNT] | wmsaoesereed | qUEStiONs and this process. . 2




Key Characteristics of DBR (3)

3. Open and Interventionist Nature of DBR

_ Naturalistic Interventionist

Survey: questionnaires with ExXperimental Research
Closed . . .
closed questions (randomized controllea trial)

+ Survey: interviews with open
questions
Ethnography

Action research
Design-based research

Naturalistic vs. Interventionist and Open vs. Closed Research Approaches

@ NTNU i it Resource: Bakker and van eerde (20195, p. 433) & :




Open and Interventionist Nature of DBR

» [ask/tool/technology prototype design
+ (Classroom implementation

 [rying to understand
— What works and why
— What does not work and why
— Which parts deviateo
— Issues, hiccups

Mirrors
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Reminder: Experimental research

Treatment Posttest

Control group Pretest —| No treatment | Posttest

5 Sample

What learners think mathematically In
this process?
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Experimental Research vs. DBR

DBR

Testing theory Developing and testing theory simultaneously

Experimental Research

Comparison of existing teaching methods by means . . . . .
. Design of an innovative learning environment
of experimental and control groups

Proof of what works Insight into how and why something works

Research Interest Is Isolated by manipulating

variables separately Holistic approach

Analytic or theoretical generalization, transfterabllity

Statistical generalization to other situations

@ NTNU WP T 4 DaG vren Resource: Bakker and van Eerde (2015, p. 435) b A



Action Research vs. DBR

Open, interventionist, researcher can be participant,
reflective cyclic process

Commonalities

 Researcher can only
be participant
» Design is possible

Researcher can be observer
» Design Is necessary

Differences

Resource: Bakker and van Eerde (2015, p. 435)
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Summary of Key Characteristics

 |nterventionist

» TJesting and developing
— theories/ approaches/ tools/ technologies/tasks

« (Cyclic nature

— Prototyping, testing, refining, re-testing, refining, developing,
finalizing...
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Phases of DBR

* Ok, | will consider it, where | can start?

* | hree phases
— Preparation and design
— leaching experiments
— Retrospective analyses

¢ N

@

- V/
-
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Preparation and Design (1)

« Some exemplary questions for start:

— What is the (learning) problem? What causes the problem?
Epistemological and ontological issues? (Literature Review)

Which topic”? And why? (Literature Review)

— Historical analysis”? How mathematicians came up with this topic
and why? What did they reinvent? (Literature Review and
communicating with experts)

— How to design prototype(s)? (the Need for a Framework)
— How do textbooks introduce this topic”? Does it work”? Or not, why*?
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Preparation and Design (2)

» Gravemeljer (1994) characterizes the design researcher
as a tinkerer or, In French, a bricoleur, who uses all the
material that Is at hana,

— Including theoretical insights (e.q., the need for a framework) and

— practical experience with teaching ana designing (e.g., literature
review, textbook analysis, historical analysis).

g m
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Summary of «Preparation and Design»

* First, we need to justify why we need to
design something new, by overviewing

existing The most
— lools/ technologies, critical part

— Jextbooks,
— Models,
— Frameworks...

« Designing (Prototyping) and Expert Review

— How? (We have other tools)
@ NTNU Kunnskap for en bedre verden ] 2 J -




Phase 2: leaching Experiments

» After prototyping and expert review

— Testing the designed taks/curriculum segment/ tools etc. In
» Small groups (at the beginning)
 Later In the classroom

— Data collection and triangulation are crucial:

» [ask-based interviews, individually, In pairs, groups etc. (according to
adopted theory and methods)

» Observation notes
» Surveys, open-ended questions

E ‘ \‘ T ‘ \‘ | l Kunnskap for en bedre verden ] 2 J -




Phase 3: Retrospective Analyses
« Mainly

— Coding and/or using an analysis tool (developed through the
adopted theory and literature review) to code

* Interviews, observations, the classroom dynamics/interaction ana all

e Search for
— Which parts of the design

- 'l_-'l.l.ll-ln

+ X |x X |Xx E I |X X |X X X X X
- + X X X
» Partially worked and why, ° 1 g
e Did not work and Why, Task: |5d | 5f 6a (6c 7 |8 9c 9e 10b 1lc 15 17 |23b 23c 24a 24c |25d 34a 42
Note: an X means how well the conjecture accompanying that task matched the observed learning
@ WO rked and Wh y (— refers to confirmation for up to 1/3 of the students, and +to at least 2/3 of the students)

Resource: Bakker and van Eerde (2015, p. 442)
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Click on the following link to access the
task:

nttps://www.geogebra.org

/m/bc
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How this task was desighed? Why?
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Phase 1: Design and Preparation

» Students are challenged with formal mathematical
structure of the notion of transformation

 |nitial Question: How can we design an environment to
make a smooth transition?

— Literature Review -----""""
» Linking functions and (linear) transformations are not easy.

» Students often think linear transformations (LT) are just two algebraic
rules.

» Researchers suggest use of geometry at the beginning.

~» | After this, my question changed ©
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Textbook analvsis

LT Linear Transformations

Definition LT. Linear Transformation. A linear transformation,
T:U — V,is a function that carries elements of the vector space U (called the

domain) to the vector space V (called the codomain), and which has two
additional properties

1. T(u1 -+ 112) = T(ul) —+—T(u2) for all u;, Uy € U.
2. T(au) =aT (u)forallueUandalla € C.

1.1 Definition

http://linear.ups.edu/fcla/section-L T.html

1.1 Definition A function between vector spaces h: V — W that preserves addition
if V;,V> € V then h(V; + V) = h(V;) + h(V))
and scalar multiplication
if ve Vand r € R then h(r V) = r- h(V)

1S a homomorphism or linear map.

Hefteron (2022, p. 191)
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Historical Development of L1Is

5 Klei ner 2007 ~ | 82 52 5 History of Linear Algebra

5.3 Matrices and linear transformations

History of Linear Algebra

Matrices are “"natural” mathematical objects: they appear 1n connection with linear

equations, linear transformations, and also in conjunction with bilinear and quadratic
forms, which were important in geometry, analysis, number theory, and physics.

Matrices as rectangular arrays of numbers appeared around 200 BC in Chinese

. . mathematics, but there they were merely abbreviations for systems of linear equations.

FU n Ctl O n S . tWO Varl ab I eS Matrices become important only when they are operated on—added, subtracted, and

especially multiplied; more important, when it i1s shown what use they are to be put to.

Matrices were introduced implicitly as abbreviations of linear transformations by

Geo metnc Gauss 1n his Disquisitiones mentioned earlier, but now 1n a significant way. Gauss
undertook a deep study of the arithmetic theory of binary quadratic forms, f(x, y) =

ax® + bxy + cy*. He called two forms f(x, y) and F(X,Y) = AX* 4+ BXY + CY~

Tran Sfo 111 Eltl O [ S “equivalent” 1f they yield the same set of integers, as x, y, X, and Y range over all the

integers (a, b, c and A, B, C are integers). He showed that this 1s the same as saying

that there exists a linear transformation 7T of the coordinates (x, v) to (X, Y) with
determinant = 1 that transforms f(x, y) into F (X, Y ). The linear transformations

E X p re S S | n g | n p u tS a n d were represented as rectangular arrays of numbers—matrices, although Gauss did not

use matrix terminology. He also defined implicitly the product of matrices (for the
Outputs

M

2 x 2 and 3 x 3 cases only); he had in mind the composition of the corresponding

linear transformations. See [1], [7], [16].
Linear transformations of coordinates, y; = ZL, apxi(l < j < m), appear

. : prominently in the analytic geometry of the seventeenth and eighteenth centuries
BEN Formallzatlon for VeCtor Spaces (mainly for m = n < 3). This led naturally to computations done on rectangular
arrays of numbers (aj ). Linear transformations also show up in projective geometry,

(G raS S [T a.n . an d Pe a n 0 ,S fO I I OWG rS )fﬂundcd in the seventeenth century and described analytically in the early nineteenth.

See (2], [9].
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Phase 1: continued

* How to design a task where learners move from a function
context to Inputs, outputs and then a geometric
transformation context? .

.. I:I- 5
M= (o :j: 3 o
| (19) B et
Literature and ISPRPARRISIEa! Syu . " FoRdE B
Theory of Semiotic |- e o i
Mediation guided o BT | S SN SRS T | |

the whole process

SEQment

t{A. B) 5 3
= 6.08
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Phase 2: Teaching Experiments

Pilotting (1) with student pairs
Result: without coordinates, It did Pilotting 2: Colorful line segments
not work worked better. But they challengeo

with formulating functions

@ ‘ \‘ I ‘ \‘ | l Kunnskap for en bedre verden T J -




Finalization of the task

* [his time el
— Before task implementation
& | rem i nded CaICUIUS and Fig. 12 Students’ list of coordinates regarding the task
multivariable functions, how we B e ol g e
represent them. @ ®)

Fig.13 a Tina's and b Sara’s results regarding the transformation

» | also revisited systems of linear
equations, how we represent In i B €3
vector-matrix form, to represent e Bl
liInear expressions

(a) (b)
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Phase 3: Retrospective

halyses

pressing a function

Co-ordination Relating the situation with variabl 0 Home > ZDM > Article
PRESOS SRR WS- s Sense-making regarding matrix
of the points bl ngreg M
l' t rEPrEEEntatln“ of gEﬂmEtrlf
N — One-10-0ne properiy g - e T2 E
I'I'"IDT:‘J& does nol o= independent and tll"lr.'l;..lt aTéE]E] and tranﬁfﬂl'l"l"lEIUEIHE in L"'IJ. :d semiotic
: OUipul as - . . .
— depends on depelnden! variables — f [AB] (CD) mediation perspectiveina dynamic
b — fule geometry environment ZOM
TEther.rE i"temntiun tu :II .:ull.:l -I1II:' -II'_.-.I:..-I_:I.I.'J_-'.:.'.r:-l_ .I::.:: .I“.Il ‘I:|:'.J:'-I-_ &t il MM1 l“d“m :
make focus on coordinates T
Artefact Signs Pivot Signs Mathematical Signs
Mielih Turgut [ Lise our pre - submission checklist -5
‘ Avoed common mittakes on your
; ; &) 1827 Accesses &) 20 Citations Explore all metrics manuscrpt.

Formulation of a | Tu g Ul | 2019 )

A focus on the

relationship between Exploration of the geometric
coordinates coordinates of the transformation
points and making a
;:;E:,!fs are aways list of associated —.fun[:'[inn from ﬂ,qered
points pairs to ordered pairs

— A goes upside then
C goes upside

— (x,y) —> (x, 2y)

Artefact Signs Pivot Signs Mathematical Signs
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Note

* |ndeed, It was a task sequence

ONTNU
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— From non-linear transformations to singular matrix transformations
and to matrix transformation of a sphere.

— Designed, tested, refined, tested, refined, and finalized.

_Table 1. HLT for the construction of meaning of (geomeinc, inear and non-linear) transformations

©NITNU
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T { YT ————
Associated assoclated semiotic Ex lary Task Four levals Eﬂ:ﬁ:ﬂ!;;h:h and operational
Concepts features (Technical | — o pary of Activity | o 8 lials) | Mathematical meanings
| part) . P | (Cognitive part)
;::fvamﬂnﬁ-nmm - Reasoning on the
: movealde poinls and ine
| wo quaniiies . "
- Varlable - fpﬂndﬂnrfz:r - -Finding “dependency”
| - Explore and Iry . - Comprehending
- NOBPanden indepencency lo analyse the - Dragging (in)Dapanden! vanables”
and Dependen redalionships in At the e onal |- Gnd funchon | e
Vanabiles algebrac and BRASSONS O - wiuabona - ApplyMatrix | &5 hne segments
. interface, validale | - Referential - Comprehending inpuls
- Function | geomelnic confexts pasin e s construction (ool an adanangs of o
- Transformation | - Making conneciion ”.J' :ahsﬁl i) - Graphics window? | ( tric) d —
between geomelnc m -
fgures and 50 “ordered pairs
- = s .inmmh‘rmhnﬂ
Runclion: - ... transform{s) Io"...
'-Emmngn:ﬁﬁwanr IFIT::IWHHHLHIIME
‘ transformations in | ransformation
algebraic and e | - Differentiating aigebraic
| geomelnc conlexis mEa "';iw 3 . and gecmealnc meanngs
- Lingar k Analysing different Em' " ‘ s 1 Situational | Eﬁnﬂ. ﬂgmg" ig! a | of new situations
Transformation | sifuations’ ind - Referential | b | = “Linear aguations”...
- Non-Linear ' mathematics and ; Fﬁmm'ﬂ ; HE -_— - General R on '“n a0 | - Making connection
lransformation | w New Rl et - Formal G Ghindiiiaca . | matrix representation and
| Rancsons A Y— | the situation
Analysing output situation (Task <) | = Comprehending outpul
- equalions ' equations as Tinear” or
| - Charactenzing | “non<linear”
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Literature
Review

A problem, a

learning Design of
challenge Prototype(s)
* Framework(s) r l

Repilotting of . Refining of Pilotting of
Prototype(s) Prototype(s) Prototype(s)

Refining of
Prototype(s)

Finalization of
Prototype(s)
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L.ocal Instruction Theories

Literature
Review

- Framework(s)

Example: A framework for students’ learning of geometric matrix transformations
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Please indicate your thinking :)

o2

€ ) 0
DBR could be so long DBR seems to be exciting It does not fit to my plans/aim
K . l 6 g 0
When to stop pilotting? | need more examples | have many questions




